Differential equations govern the bending and deflection of roads under a concentrated load. Identifying critical parameters, such as the maximum deflection and maximum bending moments of a street supported by an elastic subgrade, is key to designing safe and reliable roadways. This project solves the underlying differential equation in pavement deflection and tests various parameters to highlight the importance in selecting proper foundation materials.
Structural elements such as concrete pavements used in highways or foundations of buildings are continuously supported by the underlying soil. In design it is convenient to assume that the intensity of the continuously distributed reaction at every point is proportional to the deflection at that point. This reaction can be represented as ' ' where is referred to as the modulus of 'subgrade' reaction and the deflection.
The governing equation for the deflection in a beam is given by:
In this equation, is the elastic modulus of the structural element, its moment of inertia about the axis of bending, the deflection at distance under a load of intensity . For an unloaded portion of a beam supported by soil, the only force acting on it is the continuously distributed soil reaction of intensity of . Thus, the governing equation for an unloaded beam on an elastic foundation is given by: ( ) The above equation may be used to determine the maximum deflection and moment under loads, e.g. a point load acting on an infinitely long beam (this corresponds for example to the load on a single railway track). The primary objective for this project is to determine the moments and maximum deflection for multiple concentrated loads. Varying the values for the modulus of subgrade reaction will illustrate the deflection differences of the surface. After considering these differences, the necessary subgrade properties required for pavement design will be revealed.
MATHEMATICAL DESCRIPTION AND SOLUTION APPROACH
In the book Strength of Materials, S. Timoshenko explains that the underlying equation
for the deflection of a beam is:
( 1) where is the elastic modulus of the structural element, its moment of inertia about the axis of bending, the deflection at distance under a load of intensity . Conceptually, a road may 
The general solution for equation (2) is represented as follows (Timoshenko, p.402):
for some constants , , , and and . In this model, the road is an infinite beam supported by a subgrade so the deflection at should be zero. For , as approaches infinity also approaches infinity, but so . Note that at the beam will have a horizontal tangent. Mathematically, this means that . From equation (3), this means that 
Descriptive functions such as the deflection curve, given in (1), sheer force, , and beam moments, , help characterize the changes in the pavement under load. By convention, these properties are related in the following manner:
According to Timoshenko (p. 407) if is the force causing the deflection, the shearing force on the right side of the beam at is and from (4) can be computed. See that .
For further derivative details, see Table 1 in the Appendix. Now, and the equation for the deflection of the pavement at under a load is ,
recalling that . The sheering force and bending moments may now be calculated. For convenience, the following notation is adopted: Using these conventions, the descriptive equations from (5) governing the pavement deflection are:
Since the maximum deflection and maximum bending moments occur at the origin (the point of load), they are and respectively (Timoshenko, p.407).
DISCUSSION
In the case of multiple loads acting on an infinitely long beam, the intensities are superposed at each contact point. Since the differential equations for the underlying forces are linear, multiple forces are summed. If two 32,000 pound concentrated loads are spaced six feet 
where is the deflection in feet and is the distance between loads. See Table 2 in the Appendix for computed values of and for this example.
Note that implies that and no load is placed on the beam. Thus the road does not deflect and both maximum deflection and bending moments will be achieved at all points across the pavement.
For with multiple loads, the method of superposition says that the maximum deflections occur at
For a 32,000 pound truck with axles 6 feet (72 inches) apart on a surface with , the maximum deflections are 9% greater than that of a single 32,000 pound load. However, if the pavement and subgrade have a corresponding , then maximum deflections of the two axels will be 4% less than a single load. See Table 4 in the Appendix for further calculation details.
Undergraduate Journal of Mathematical Modeling: One + Two, Vol. 2, Iss. 1 [2009], Art. 5 Similarly the maximum bending moment may be calculated using the method of superposition and (8): (11) From Table 5 in the Appendix, a road with will have a maximum deflection of 6.1 inches and a maximum bending moment of 54,299 pounds per inch when , but only a maximum deflection of 2.2 inches and a maximum bending moment of 38,395 pounds per inch when . The roughly four inch disparity in deflection may be difference between bending and cracking.
CONCLUSION AND RECOMMENDATIONS
It is important to note that a single point load acting on an infinitely long beam supported by an elastic foundation will cause the maximum deflection and bending moment to occur at the position of the point load. In the case of two concentrated loads, the equations for a single load used in conjunction with the method of superposition were used to determine the maximum deflection and bending moment. It was found that a higher value of (modulus of subgrade) will lower the maximum deflection and bending moment.
In future research, accurate values for (moment of inertia) and (elastic modulus of the structural element) should be utilized. Inaccurate values of and yield imprecise results.
Finally, a wider range of subgrade modulus values should be examined to reach a comprehensive understanding of the deflection occurring in the structure. 
